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The problem of deducing, from the Föppl–Von Kármán energy functional, a sequence of reduced discrete
models having few degrees of freedom is analyzed. Similar discrete models have been recently inten-
sively studied to analyze the multistable behavior of shallow shells, the bifurcations of composite lami-
nates under temperature loads or the wrinkling in soft tissues.
In particular three relevant examples are discussed and compared among them, where the curvature is
assumed uniform, linearly and quadratically varying through the shell. While the uniform-curvature
assumption dates back to Mansﬁeld (1962), linear variations of the shell curvatures can describe smooth
transitions between everted conﬁgurations, while quadratic variations can account for the, usually disre-
garded, bending boundary conditions.
For their deduction we revisit the Maxwell–Mohr method: accordingly, a sequence of auxiliary elliptic
problems of plane elasticity is solved to determine the statically unknown membranal stresses. This is a
key ingredient for the presented models to compare extremely well with Finite Element approximations
or with literature models with far more degrees of freedom.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Aimed at the description of the relevant phenomena occurring
in the buckling and post-buckling regimes of plates and shallow
shells, the Föppl–Von Kármán (FVK) model has proved to be partic-
ularly successfull; it considers, indeed, the minimal geometrical
nonlinearity able to catch the dependence of the shell membranal
strain on the transverse displacement ﬁeld. We refer to Ciarlet
(1997), for the mathematical aspects of the FVK derivation, and
to Audoly and Pomeau (2010) for a rich gallery of possible applica-
tions. Actually, the scientiﬁc literature devoted to the analysis,
numerical implementation and technical applications of the
Föppl–Von Kármán shell model is widespread and spans from
aero-elastic buckling of panels (Dowell and Bendiksen, 2010), to
wrinkling of soft tissues (Dervaux et al., 2009), from instabilities
of composites under thermal loads (Dano and Hyer, 1998) to resid-
ual stress analysis in thin ﬁlm assemblies (Freund, 2000). Recently
interesting applications have also regarded the use of composite
laminates for morphing structures, see Daynes et al. (2008) and
Daynes et al. (2011).
Evidently to dispose of equivalent FVK models with few degrees
of freedom would allow to obtain manageable solutions for a vari-ll rights reserved.
ica, Università di Roma Laety of important nonlinear problems. Hence, we here focus on the
following problem: is it conceivable, at least supposing sufﬁciently
regular solutions, to reduce the FVK functional to a proper ﬁnite
dimensional subspace? What solutions are we able to describe if
we ask this space to have a very low dimension? As will be clear
in the text, the proposed reduction method is appropriate as long
as one wants to keep the number of degrees of freedom very
low: its utility is indeed revealed for qualitative analysis and quick
parametric studies, but cannot compete with standard ﬁnite ele-
ments models when accuracy is the main goal.
The ﬁrst contribution in this direction was given in Mansﬁeld
(1962) where, assuming a curvature ﬁeld uniform within the shell,
a very simple, yet powerful, model with three degrees of freedom
was deduced. Since then, the Mansﬁeld’s Uniform Curvature (UC)
model has been intensively used in the analysis of multistability
of shell-like structures, see for instance Guest and Pellegrino
(2006), Seffen (2007), Norman et al. (2008), and Fernandes et al.
(2010).
Another approach, aimed at the discretization of the FVK equa-
tions and based on the Rayleigh–Ritz method, was introduced by
Hyer (1981); even if the curvature was still supposed uniform,
the Hyer’s model is not equivalent to the Mansﬁeld’s model as in
this latter the membranal stress was solved exactly. Due to its sim-
plicity, the Hyer’s model has found many applications, as the anal-
ysis of the instabilities occurring in composite plates under
thermal loads in Dano and Hyer (1998)) or Peeters et al. (1996),
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amon and Masters (1995). However, Gigliotti et al. (2004) pointed
out that both the Mansﬁeld’s or Hyer’s Uniform Curvature models
fail to correctly describe the bifurcation scenario in several aspects
of practical importance. For instance, using UC models, the depen-
dance of the critical and post-critical scenario on the shell aspect
ratio is completely missed. A trade-off for the uniform curvature
assumption is, indeed, the impossibility to satisfy the boundary
conditions related to the transverse displacement problem, as the
request of vanishing bending moments on the sides. To face these
difﬁculties, a 23 degrees of freedom model was, therefore, intro-
duced in Aimmanee and Hyer (2004) by increasing the number
of terms in the Rayleigh–Ritz ansatz. Despite similar approaches
lead to models with dozens degrees of freedoms to reach apprecia-
ble resolutions, they were found useful in applications demanding
the path-following of the post-buckling solutions (Pirrera et al.,
2012).
In this paper we show that the uniform curvature hypothesis
can be weakened and that one can cope with the boundary condi-
tions, while keeping a very low number of degrees of freedom. To
this end we investigate a reduction procedure, of the FVK equa-
tions, which generalizes the Maxwell–Mohr method used in stati-
cally undetermined beams frames. Within this context the
introduction of a richer description of the transverse displacements
ﬁeld leads to auxiliary elliptic problems to be solved; in each of
them a solenoidal stress ﬁeld is requested to have an assigned
function as its double-curl. These problems can be solved in closed
form for shells with elliptical planforms.
The paper is organized as follows: in Section 2 the fundamental
equations of the generalized Föppl–Von Kármánmodel are recalled
and written in a suitable dimensionless form. Section 3 illustrates
the reduction procedure, while the Uniform Curvature reduced
model is revisited in Section 4. A richer model, which allows for
linear variations of the curvature, is introduced in Section 5 and
a possible to method to cope with the boundary conditions is dis-
cussed in Section 6. In this last case a quadratic variation of the
curvatures within the shell is required, but still a discrete model
with only two degrees of freedom is obtained.
2. Generalized Föppl–Von Kármán model
The fundamental equations of the generalized Föppl–Von
Kármán plate model are brieﬂy recalled; the interested reader
can found rigorous derivations in Ciarlet (1980), Ciarlet and Pau-
mier (1985) or Lewicka et al. (2011). The presented model does in-
clude the description of membranal and bending pre-stress ﬁelds
as well as the possibility of curved natural conﬁgurations.
The Föppl–Von Kármán formulation aims to model the defor-
mations of plates in post-buckling regimes and the nonlinear
behavior of shallow shells. Hence, the shell kinematics is naturally
referred to a ﬂat reference conﬁguration C  R2. Given ðx; yÞ carte-
sian coordinates on C centered in its centroid, and denoting respec-
tively v ¼ ðvx;vyÞ and w the in-plane and transverse displacement
ﬁelds, three in-plane distorsions:
ex ¼ @vx
@x
þ 1
2
@w
@x
 2
; ey ¼ @vy
@y
þ 1
2
@w
@y
 2
;
exy ¼ 12
@vy
@x
þ @vx
@y
þ @w
@y
@w
@x
 
ð1Þ
and three curvature ﬁelds:
kx ¼ @
2w
@x2
; ky ¼ @
2w
@y2
; kxy ¼ @
2w
@x@y
; ð2Þ
are used to measure the distance of the current shape from the ref-
erence conﬁguration, (see e.g.Mansﬁeld (1989)). We will brieﬂy la-bel eðv ;wÞ ¼ fex; ey;2exyg the membranal distortion and
kðwÞ ¼ fkx; ky;2kxyg the curvature. Remark that the only sources of
nonlinear behavior are the contributions in (1) of the transverse dis-
placement w to the membranal distorsion e.
Necessary conditions for the integrability of (1) and (2) are:
curl curle :¼ @
2ey
@x2
þ @
2ex
@y2
 2 @
2exy
@x@y
¼ kxky  k2xy ¼ det k ð3Þ
and
curlk :¼ @kx
@y
 @kxy
@x
;
@kxy
@y
 @ky
@x
 
¼ 0: ð4Þ
Conditions (3) and (4) can be seen as the linearization around a ﬂat
conﬁguration of, respectively, the Gauss Theorema Egregium and
the Codazzi–Mainardi equations.
The stable equilibria of the FVK model are found as the local
minimizers of the total energy Uðv ;wÞ, which is assumed to be a
generic quadratic form in the membranal and bending
deformations:
Uðv ;wÞ ¼ 1
2
Z
C
A e fð Þ  e fð Þ þ BT e fð Þ  k hð Þ
þD k hð Þ  k hð ÞdS: ð5Þ
Here dS is the surface element, A;B, and D are 3 3 matrices repre-
senting respectively the extensional stiffness, the extension-to-
bending coupling, and the bending stiffness: their names are mutu-
ated by the composite plate theory (see e.g.Berthelot (1999)). More-
over the ﬁelds f ¼ ffx; fy;2f xyg and h ¼ fhx;hy;2hxyg mathematically
model the presence of stresses in the reference conﬁguration C. In
particular, when decomposing the ﬁelds f and h into two separate
contributions:
f ¼ f0 þ fi; h ¼ h0 þ hi; such that curl curl f 0 ¼ det h0; ð6Þ
then it easily seen that f0 and h0 assign the shape of the natural
stress-free conﬁguration for vanishing fi and hi, while fi and hi de-
scribes inelastic deformations as those associated to thermal or
plastic effects, material growth, or the presence of active materials.
For seek of simplicity the work of external forces has been inten-
tionally neglected in the total energy (5), despite the fact that these
contributions can be easily considered.
By straightforward substitutions, the energy functional (5) can
always be transformed in the form:
Uðv ;wÞ ¼ 1
2
Z
C
eD k hð Þ  k hð ÞdSþ 1
2
Z
C
A1r  r 	dS; ð7Þ
where we have deﬁned eD :¼ D BT A1B and the membranal stres-
ses as:
r :¼ Aðe f Þ þ B k hð Þ: ð8Þ
The expression (7) clearly reveals two contributions to the stored
elastic energy: the bending energy which depends quadratically on
the transverse displacement w through the curvature k, and the
stretching energy which depends on both v and w through the mem-
branal stress r. The stretching energy density is actually a fourth-or-
der polynomial of the transverse displacement, due to (1) and (8).
The following dimensionless quantities are introduced:
K ¼ R0k; H ¼ R0h; X ¼ x=L; Y ¼ y=L; V ¼ v=L;
W ¼ w=L; ð9Þ
R ¼ r=A11; A :¼ A=A11; B :¼ B=ðA11R0Þ;
D ¼ eD=eD11; U ¼ UR20=ðSeD11Þ; ð10Þ
where R0 is a characteristics radius used to scale the curvatures and
L2 :¼ S is the area of C.
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becomes:
UðV ;WÞ ¼ 1
2
Z
S
½D KðWÞ  Hð Þ  KðWÞ  Hð Þ
þ 12R
2
0
t2e
A1RðV ;WÞ  RðV ;WÞdS; ð11Þ
to be minimized with respect to V and W into suitable functional
spaces, see Ciarlet (1997). In (11) the domain of deﬁnition of the
integral is S, i.e. the parametrization of the shell reference conﬁgu-
ration C in terms of dimensionless coordinates; as such S does have
unitary area and actually describes only the shape of the planform.
Moreover
RðV ;WÞ :¼ A EðV ;WÞ  F½  þ B KðWÞ  H½  ð12Þ
and, even if the ﬁeld E  e and F  f are already without dimension,
still we have used capital letters to denote the membranal distor-
tion ﬁelds. Finally, in (11), the quantity t2e :¼ 12eD11=A11 represents
the square of an equivalent shell thickness; it coincides to the actual
shell thickness, say H, for shells which are transversally
homogeneous.
In all the subsequent developments we assume the material
composing the shell to be orthotropic with principal directions
aligned with the coordinate directions X and Y; this seems a rather
loose assumption under which almost all the literature contribu-
tions fall. Hence the dimensionless membranal stiffness can always
be written as
A ¼
1 mA 0
mA bA 0
0 0 cA
0B@
1CA; cA ¼ qAð1 m2A=bAÞ; 0 < bA < 1; mA < b2A; qA > 0;
ð13Þ
where mA measures the in-plane Poisson effect, bA :¼ A22=A11 the ra-
tio between the membranal stiffnesses in the coordinate directions
and qA the shear modulus. Similarly the bending stiffness can be
written as:
D ¼
1 m 0
m b 0
0 0 c
0B@
1CA; c :¼ qð1 m2=bÞ; 0 < b < 1; m < b2; q > 0;
ð14Þ
where mmeasures the Poisson effect in bending, b :¼ D22=D11 the ra-
tio between the bending stiffnesses in the coordinate directions and
q the torsional modulus. Finally, for the assumed orthotropic mate-
rial, one has B13 ¼ B31 ¼ B23 ¼ B32 ¼ 0 meaning a vanishing coupling
between torsion and extension in all directions.
In the subsequent numerical simulations, two sets of mate-
rial constants will be used as listed in Table 1. The ﬁrst corre-
sponds to a material optimized to have a robust tristable
behavior: it is a laminate obtained using a quasi-homogeneous se-
quence ½þ45= 45= 45=þ 45= 45=þ 45=þ 45= 45 of 8
high-modulus carbon/epoxy layers (E1 ¼ 207 GPa, E2 ¼ 5:17 GPa,
G12 ¼ 2:59 GPa, m12 ¼ 0:25;Hi ¼ 0:125 mm), see Maurini et al.
(2010). The second material corresponds to the Steel/PZT4/Alumi-
num laminate of Aimmanee and Hyer (2004) and it is used for
comparison to their results.Table 1
Material parameters used in the simulations.
bA mA cA b m
Material 1 1 0.9 1.009 1 0.9
Material 2 1 0.304 0.696 1 0.303. Reduction strategy
The minimization of the FVK energy (11) calls for the imple-
mentation of dedicated numerical codes as Finite Elements or
Boundary Elements Methods; for recent accounts on this subject
the interested reader is referred to DaSilva and Krauth (1997)
and Ciarlet et al. (2005). Instead, we here focus on an efﬁcient
strategy to obtain, from the inﬁnite dimensional variational prob-
lem (11), a sequence of ﬁnite degree-of-freedom equivalent mod-
els; the main request for these reduced models is to faithfully
reproduce the global stability scenario of the original energy func-
tional, while having the least possible number of degrees of free-
dom. As such the reduction method does not relies on a local
equivalence of the original and reduced energy functionals; rather,
following the pioneering work of Mansﬁeld (1962), we revisit the
classical Maxwell–Mohr method, as used in statically indetermi-
nate beam frames, to solve for the static unknowns arising in the
membranal problem of Von-Kárman shells. The resulting reduced
models will be still nonlinear, being characterized by multi-wells
energies, but also easily manageable as described by few Lagrang-
ian parameters.
To start with, two basic observations are particularly relevant:
1. In thin shallow shells, the contribution of the stretching energy
to the overall elastic energy (11) is dominant as R0=te  1.
2. For any assigned transverse displacement ﬁeld W, in order to
determine the membranal stress and, therefore, the stretching
energy, one must solve a standard linear elliptic problem of
plane elasticity in S. Indeed, given W, the stationarity of the
energy (11) with respect to V and the compatibility Eq. (1) in
terms of membranal stress read:6divR ¼ 0; on S; Rn ¼ 0; on @S;
curlcurlðA1RÞ ¼ L
2
R20
detK  detH0ð Þ
 curlcurl Fi  A1BðK  HÞ
h i
¼: g; on S; ð15Þwhere div and curl mean the divergence and curl operators in
dimensionless coordinates ðX;YÞ. We will show that problem (15)
is equivalent to a standard plane elasticity problem with assigned
body forces and tractions.
From the ﬁrst observation we deduce that it is extremely
important the correct evaluation of the stretching energy; poor
approximations in the membranal problem, as polynomial expan-
sions for the in-plane displacement ﬁelds v, leads to relevant errors
in the resulting discrete model. The evidence of this can be found
in Mattioni et al. (2009), Aimmanee and Hyer (2004) or Pirrera
et al. (2010) where to achieve a good accuracy the polynomial or-
der of the in-plane displacements was respectively raised to 3, 7
and 11, resulting in reduced models with dozens of degrees of free-
dom (resp. 20, 23 and 234 dofs). Instead, we pay here a special care
to eliminate, once and for all, the ﬁeld R in terms of the transverse
displacement W, by solving the membranal problem (15) either
exactly or with negligible numerical errors. By the second
observation we understand that this solution can be obtained
rather easily as it involves an elliptic problem of plane elasticity.c L te te=H
1.009 100 mm 1.0 mm 1.0
0.694 71.5 mm 0.4 mm 0.945
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ear models of the FVK shells can be sketched as follows:
1. Suppose an ansatz WðX; Y; qÞ ¼PNi¼1qi/iðX;YÞ for the tranverse
displacement ﬁeld. The unknowns q :¼ ðq1; q2; . . . qNÞ will mean
the Lagrangian parameters of the reduced model.
2. Compute the forcing term for the membranal problem, namely
the function g in (15)3; since the Gaussian curvature is a qua-
dratic function of the derivatives of W, also g is at most qua-
dratic in the Lagrangian parameters.
3. Solve (15) for every choice of the Lagrangian parameters,
obtainingRðX;Y; qÞ ¼ rðX;YÞ þ
XI
i¼1
siðX;YÞqi þ
XI
i¼1
SijðX;YÞqiqj: ð16ÞThis results into a set of elliptic problems in the form (15) repre-
senting the auxiliary problems of the Maxwell–Mohr method. The
actual number of elliptic problems to be solved, is dictated by the
maximum number of independent functions of the ðX;YÞ coordi-
nates appearing in g.
4. Deduce a discrete approximation of the energy functional by
substituting (16) into (11). Up to a constant term this will read:bUðqÞ ¼ Liqi þ 12Kijqiqj þ 12Mijhqiqjqh þ 12Nijhkqiqjqhqk; ð17Þ
whereLi :¼ 12R
2
0
t2e
Z
S
ðA1r  siÞ 
Z
S
Drr/i  Hð Þ;
Kij :¼ 12R
2
0
t2e
Z
S
ðA1si  sj þ 2A1r  SijÞ þ
Z
S
ðDrr/i  rr/jÞ;
Mijh :¼ 24R
2
0
t2e
Z
S
ðA1Sij  shÞ; Nijhk :¼ 12R
2
0
t2e
Z
S
ðA1Sij  ShkÞ:
ð18ÞFig. 1. The body forces and tractions in (28); this auxiliary problem determines theThe integrals (18) play a role similar to the so-called ‘‘Mohr’s inte-
grals’’ in the solution of statically indeterminate beam frames.
In the following sections we will explicitly show some relevant
cases of reduction by considering shells with elliptic and rectangu-
lar planforms. While, for the elliptical domains, solutions for the
membranal stress (16) can be exhibited in closed form, generic
shapes of the planform S (even only rectangular), call for the
numerical solution of the elliptic problem (15). To prove that this
last is actually a standard plane-elasticity problem, it is sufﬁcient
to substitute R ¼ AEþX into (15) to obtain:
div ðAEÞ þ divX ¼ 0;
curlcurlE ¼ 0;

on S; ðAEÞn ¼ Xn; on @S; ð19Þ
where the body forces ðb ¼ divXÞ and the tractions ðt ¼ XnÞ are
given for any 2 2 symmetric tensor ﬁeld X satisfying
ðcurlcurlðA1XÞ ¼ gÞ. We observe that this last condition, i.e. to
ﬁnd a strain ﬁeld having an assigned function as its double curl, is
very easy to satisfy. Indeed one disposes of three functions (the
independent components of X) to solve a single scalar equation.
For instance, assuming orthotropic materials the membranal stiff-
ness matrix has necessarily the form (13) and choosing, with no loss
of generality, X12 ¼ 0 and X22 ¼ mAX11, one is left to ﬁnd a general
solution of the differential equation:
curlcurlðA1XÞ  @
2X11
@Y2
¼ gðX; YÞ ð20Þfor the scalar unknown function X11. For g a polynomial function of
the coordinates, this last problem is trivial.
4. The case of uniform curvature (UC)
Assume for the transverse displacement the simple polynomial
ansatz:
WðX;YÞ ¼ 1
2
q1X
2 þ 1
2
q2Y
2 þ q3XY: ð21Þ
Clearly, the associated curvature ﬁeld is constant:
K ¼ rrW ¼ q1 q3
q3 q2
 
¼: K ð22Þ
and the Lagrangian parameters coincide with its three independent
components. Moreover the Gaussian curvature is constant, being
detK ¼ q1q2  q23, and curlcurlðA1BKÞ ¼ 0. The dependence of
the forcing term g in (15) on the Lagrangian parameters is, there-
fore, purely quadratic and si ¼ 0 and Sij ¼ 0 for all i and j except
S12 ¼ S33 – 0.
Hence, under the assumption (21), it is necessary to solve only
two elliptic problems on S, namely
divT1 ¼ 0; on S; T1n ¼ 0; on @S;
curl curl ðA1T1Þ ¼ 1; on S

ð23Þ
and
divr ¼ 0; on S; rn ¼ 0; on @S;
curl curl ðA1rÞ ¼  L2
R20
detH0  curlcurlðFi þ A1BHÞ; on S;
(
ð24Þ
Here the ﬁelds H0; Fi and H can be suitably smooth functions of the
coordinates. Then, by linearity, one obtains for the membranal
stress ﬁeld:
RðX;YÞ ¼ rðX;YÞ þ L
2
R20
detK
 	
T1ðX;YÞ; ð25Þ
which is in the form (16). Then, by simple quadratures, one obtains
the tensors (18) and, therefore, the reduced energy functional (17)
corresponding to (21).
A particularly simple case is found when (i) the curvature of the
stress-free conﬁguration H0 and the bending imposed strains Hi are
supposed constant and (ii) curlcurlFi ¼ 0 which corresponds, for
instance, to uniform or linearly varying membranal imposedstress ﬁeld T1.
Fig. 2. The three stress components T1½ 11 ; T1½ 22 and T1½ 12 in (29) for an ellipse with g ¼ 1:5.
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term in problem (24)3 reduces to a constant. Therefore r / T1 and
RðX;YÞ ¼ L
2
R20
detK  detH0
 	
T1ðX; YÞ: ð26Þ
For this case the reduced energy functional is particularly simple to
write, being:
bU ¼ 1
2
Z
S
D K  H 	  K  H 	dSþ 1
2
12L4w
t2eR
2
0
detK  detH0
 	2
; ð27Þ
where w :¼ RS A1T1  T1
 dS. We see that a crucial step for the
deduction of (27) is a good quality solution for the auxiliary elliptic
problem (23); it is indeed the scalar w to determine the relative
weight of bending and stretching energies in (27).
As already discussed in Section 3, in order to solve (23) it sufﬁces
to choose X11 ¼ Y2=2 in (20), and to solve the plane-elasticity prob-
lem (19) with body forces and tractions respectively given by: Fig. 4
b ¼ divX ¼ f0; mAYg; t ¼ Xn ¼ Y
2
2
fn1; mAn2g: ð28Þ
In Fig. 1 these force ﬁelds are shown for an elliptic planform: as al-
ready noted, this corresponds to the only auxiliary elliptic problem
associated with the uniform curvature ansatz.
For S a generic elliptic planform, characterized by ratio between
axes g ¼ a=b, the solution of (23) was already found in Seffen
(2007); it is here labeled as T1 and reported for the reader’s
convenience:
T1½ 11 ¼ C1 X2 þ 3g2Y2 
g
p

 
; T1½ 22 ¼ C1
3X2
g2
þ Y2  1
pg
 !
;
T1½ 12 ¼ 2C1XY ; C1 :¼
2g2 bA  m2A
 	
12g4bA þ g2 bA=qA  8mAð Þ þ 12
:
ð29Þ
The three independent stress components of T1 are plotted in Fig. 2.
Remark 4.1. Under the additional hypotheses of uniform bending
stiffness D and a suitable scaling radius R0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12w
p
L2=te, the
functional (27) can be further simpliﬁed to:
bU ¼ 1
2
D K  H0  Hi
 	  K  H0  Hi 	þ 12 detK  detH0 	2: ð30Þ
The energy functional (30) has been used in Vidoli and Maurini
(2008), assuming Hi ¼ 0, to deduce the tristable behavior of orthor-
tropic shells, and in Fernandes et al. (2010), assuming H0 ¼ 0, to
study reversible transitions between equilibria of bistable orthotro-
pic shells.1 Recall that coordinates are chosen to be centered in the centroid of the planform.Remark 4.2. The conditions, under which it is still sufﬁcient to
solve only (23) as auxiliary problem, are more general than the
ones stated above; for instance, as far as B ¼ 0, the crucial point
is to require only the Gaussian curvature to be uniform; clearly,
this does not necessarily imply all the curvature components to
be uniform within the shell.5. The case of linearly varying curvatures (LVC)
Assume for the transverse displacement the following polyno-
mial ansatz:
WðX;YÞ ¼ 1
2
q1X
2 þ 1
2
q2Y
2 þ q3XY þ
1
6
q4X X
2  1

 
þ 1
2
q5XY
2;
ð31Þ
characterized by 5 Lagrangian parameters. The associated curvature
ﬁeld is readily written as:
K ¼ K þ
q4X q5Y
q5Y q5X
0B@
1CA; K ¼ q1 q3
q3 q2
0B@
1CA: ð32Þ
Hence q1; q2 and q3 control, as in the UC case, the average shell cur-
vatures,1 whilst q4 and q5 control the linear variation of the coordi-
nated curvatures along the direction X; in particular, q4 is
proportional to the shell slope along X in the centroid. Note that
the linear variation of K12 in the direction Y is dictated by the Cod-
azzi compatibility Eq. (4). Thus (31) is the simplest third order poly-
nomial leading to linearly varying curvatures (LVC); it could models
the progressive variation of the curvature proﬁles in the eversion
process of a shell, see for instance the sequence of non-uniform-cur-
vature shapes displayed in Fig. 8.
The choice (31) results into the following Gaussian curvature:
detK ¼ detK þ ðq2q4 þ q1q5ÞX  2q3q5Y þ q4q5X2  q25Y2; ð33Þ
which, apart from the constant term, presents linear and quadratic
variations along the coordinates. Therefore, besides solving problem
(23), one is left with the solution of four additional elliptic prob-
lems, say:
divTgi ¼ 0; on S; Tgin ¼ 0; on @S;
curl curl ðA1Tgi Þ ¼ gi; on S;
(
ð34Þ
where respectively, for i ¼ 1;2;3;4; gi ¼ X; Y;X2;Y2. Then, by linear-
ity of problem (15), one obtains:
R ¼ L
2
R20
detK  detH0
 	
T1 þ ðq2q4 þ q1q5ÞTX  2q3q5TY

þ q4q5TX2  q25TY2 ; ð35Þ
which, again, is in the form (16). Whilst solving problems (34) on a
generic domain S accounts for the numerical solution of four dis-
tinct elliptic problems, we can actually exhibit their exact solution
for the case of elliptic planforms.
In particular, when g1 ¼ X to obtain TX , it sufﬁces to choose
X11 ¼ XY2=2 in (20), and to solve the plane-elasticity problem
(19) with body forces and tractions respectively given by:
b ¼ divX ¼ fY2=2; mAXYg; t ¼ Xn ¼ XY
2
2
fn1; mAn2g: ð36Þ
In Fig. 3 these ﬁelds are shown for an elliptic planform having as-
pect ratio g ¼ 1:5.
Fig. 3. The body forces and traction ﬁelds in (36); this auxiliary problem
determines the stress ﬁeld TX .
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follows:
TX½ 11 ¼ CX X2 
g
p
þ 3g2Y2

 
X; TX½ 22 ¼ CX
5X2
g2
 3
pg
þ 3Y2
 !
X;
TX½ 12 ¼ CX
g
p
 g2Y2  3X2

 
Y ; CX ¼
2g2 bA  m2A
 	
12g4bA þ g2 3bA=qA  24mAð Þ þ 60
:
ð37Þ
All the three stress components of TX are plotted in Fig. 2 for the
usual ellipse with g ¼ 1:5. Similarly, choosing X ¼ Y3=6, the stress
ﬁeld TY is obtained to be:
TY½ 11 ¼ CY 3X2 þ 5g2Y2 
3g
p
 
Y; TY½ 22 ¼ CY
3X2
g2
þ Y2  1
pg
 !
Y ;
TY½ 12 ¼ CY 
X2
g2
þ 1
pg
 3Y2
 !
X; CY ¼
2g2 bA  m2A
 	
60g4bA þ g2 3bA=qA  24mAð Þ þ 12
:
ð38ÞN1122 ¼ N3333 ¼ 12C; N1233 ¼ 24C; N3355 ¼ C 84bAg
4 þ 5dAg2 þ 36
pg 20bAg4 þ dAg2 þ 4ð Þ
;
N1155 ¼ C
g 12bAg4 þ dAg2 þ 12
 	
2p 4bAg4 þ dAg2 þ 20ð Þ
; N1255 ¼ C 3pg ; Nþ3345 ¼ C
3g
p
;
N1245 ¼ C
4g 6bAg4 þ dAg2 þ 18
 	
p 4bAg4 þ dAg2 þ 20ð Þ
; N2244 ¼ C
g 12bAg4 þ dAg2 þ 12
 	
12p 4bAg4 þ dAg2 þ 20ð Þ
;
N4455
C
¼ 5b
2
Ag6 þ 8bA 25bAg4  10mAg2 þ 21
 	
qAg4 þ 16 20m2Ag4 þ 9bA 5bAg4 þ 34
 	
g4  4 25bAg4 þ 21
 	
mAg2 þ 21
 	
q2Ag2
20p2 b2Ag4 þ 8bA 5bAg4  2mAg2 þ 5ð ÞqAg2 þ 16 4m2Ag4 þ bA 5bAg4 þ 74ð Þg4  20 bAg4 þ 1ð ÞmAg2 þ 5
 	
q2A
 	 ;
N4555
C
¼ 3b
2
Ag4 þ 8bA 17bAg4  6mAg2 þ 17
 	
qAg2 þ 16 12m2Ag4 þ 15bA bAg4 þ 18
 	
g4  68 bAg4 þ 1
 	
mAg2 þ 15
 	
q2A
10p2 b2Ag4 þ 8bA 5bAg4  2mAg2 þ 5ð ÞqAg2 þ 16 4m2Ag4 þ bA 5bAg4 þ 74ð Þg4  20 bAg4 þ 1ð ÞmAg2 þ 5
 	
q2A
 	 ;
N5555
C
¼ b
2
A 168qA 2qAg2 þ 1
 	
g2 þ 5 	g4 þ 8bAqA 25 2g2 mA 84qAg2 þ 5 	 306qA 	 	g2 þ 80 4mA g2mA  5 	g2 þ 9 	q2A
20p2g2 b2Ag4 þ 8bA 5bAg4  2mAg2 þ 5ð ÞqAg2 þ 16 4m2Ag4 þ bA 5bAg4 þ 74ð Þg4  20 bAg4 þ 1ð ÞmAg2 þ 5
 	
q2A
 	 ;
ð43ÞMoreover, when g3 ¼ X2 to obtain TX2 , it sufﬁces to
choose X11 ¼ X2Y2=2 in (20), and to solve the plane-elasticity prob-
lem (19) with body forces and tractions respectively given by:
b ¼ divX ¼ fXY2; mAX2Yg; t ¼ Xn ¼ X
2Y2
2
fn1; mAn2g: ð39Þ
In Fig. 5 these ﬁelds are shown for an elliptic planform having
g ¼ 1:5. Clearly the problem is invariant with respect to reﬂections
about both the X and Y axis.Also the components of the membranal stress TX2 can be ob-
tained in closed form; as these imply rather long expressions with
respect to the relevant parameters bA; mA;qA; a and b, they are not
listed here. For their complete expressions we refer to the attached
auxiliary material, but, in Fig. 6, we plot the components of TX2 for
an ellipse having g ¼ 1:5. The problem to determine the stress ﬁeld
TY2 is absolutely analogous and we refer again to the attached aux-
iliary material.
The important point is however that, at least for elliptical plan-
forms, we can exactly solve all the auxiliary membranal problems
associated to the ansatz (31); accordingly a closed form expression
for the reduced energy functional (17) is derived: to this aim, the
complete form of the membranal ﬁeld R in (35) must be suitably
integrated over the shell domain using (18). In particular we
obtain:
L1 ¼ ðH11 þ mH22Þ; L2 ¼ ðmH11 þ bH22Þ; L3 ¼ 4H12c ð40Þ
and for the stiffness matrix
K11 ¼ 1; K12 ¼ K21 ¼ mþ C detH12 ; K22 ¼ b; K33 ¼ 4c C
detH
6
;
K44 ¼ g4p ; K45 ¼ K54 ¼
gm
2p
þ C gdetH
96p
; K55 ¼ cpgþ
bg
4p
 C
4gp
;
ð41Þ
where g :¼ a=b is the aspect ratio, n :¼ te=b;detH :¼ H11H22  H212
and
C :¼ g
6 bA  m2A
 	2
3p2n4 12g4bA þ g2 bAqA  8mAð Þ þ 12ð Þ2
: ð42Þ
Moreover for the nonlinear contribution to energy we obtainM  0
andas the only non-vanishing components of the tensor N. Here
dA :¼ bA=qA  8mA. Inserting the expressions (40), (41) and (43) in
(17), one ﬁnally gets the reduced energy functional for the LVC
model as a function of the ﬁve Lagrangian parameters fq1; . . . q5g.
Remark 5.1. For the LVC model to be used for shells with
planforms which are not elliptical, one has to compute again,
supposedly by numerical approximations, both the stress solutions
of the auxiliary problems and their ‘‘Mohr’s integrals’’ (18).
Fig. 4. The three stress components TX½ 11; TX½ 22 and TX½ 12 in (37) for an ellipse with g ¼ 1:5.
Fig. 5. The body forces and traction ﬁelds in (39); this auxiliary problem
determines the stress ﬁeld TX2 .
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analyze the regions, in the Lagrangian parameters space, where
the elastic energy remains bounded under some given thresholds:
as such we identify the conﬁgurations which are quasi-statically
reachable within a given energetic gap. In particular, for the ﬁrst
material in Table 1, we have plotted in Fig. 7b the three energy le-
vel sets corresponding to U 6 5;U 6 60 and U 6 240; these are
shown respectively as a blue, gray and orange surfaces. Fig. 7a
show the trace of the same sets in the uniform curvature plane
as parametrized by q1 and q2; in Fig. 7a only the orange set corre-
sponds to conﬁgurations with non-uniform curvatures, namely to
q4 ¼ 6q5 ¼ 12. Note that, in Fig. 7, the subspace q3 ¼ 0 and
q4 ¼ 6q5 has been chosen simply to display the level sets in a
three-dimensional space, once having numerically checked that
all the minima for the shell are actually very closed (if not within)
this subspace.
These simple diagrams prove that the energetically cheapest
path, connecting the two regions with positive Gaussian curva-
tures, does not belong to the uniform curvature plane, as the re-
gions U 6 240 are actually not connected within such plane.
Instead, Fig. 8 shows the shells shapes corresponding to ﬁve points
along a possible three-dimensional path within the region
U 6 240: clearly the eversion between the initial and ﬁnal uniform
curvature states is achieved by a smooth linear variation of the cur-
vature. Hence, while the manageable UC model can be used to de-
scribe the existence of multiple stable conﬁgurations with almost
uniform curvature, the LVC model should be preferred for a more
accurate description of the passage between such conﬁgurations.2 A non-vanishing matrix B would introduce an additional coupling between the
bending and the membranal problems, since, for instance, on the boundaries X ¼ 	a
the component R22 does not need to vanish; thus additional terms proportional to
E22  F22 (resp. E11  F11) would be present in the RHS of (44) (resp. (45)).6. A more reﬁned model with boundary conditions satisﬁed on
average (QVC)
The reduced models presented in the previous sections are
based on two ansatz, resp. (21) and (31), which do not consider
the boundary conditions associated, within the minimation of the
energy functional (11), to the transverse displacement ﬁeld. In thissection we show how one can account for such boundary condi-
tions by satisfying them at least on average; the uniform curvature
hypothesis is, to this aim, ‘‘relaxed’’ by allowing the curvature to
vary quadratically (QVC) within the shell.
To avoid unnecessary complexities, we assume that the shell
has a rectangular planform S, that the coupling matrix B is vanish-
ing and the curvature in the natural conﬁguration H is uniform and
untwisted; as stated in Section 2, we investigate orthotropic mate-
rials with principal directions aligned to the coordinate lines, refer
to (13) and (14). A similar analysis can be easily developed also for
elliptic planforms along the same lines.
In order to use the dimensionless form of the energy (11), S
must have unitary area; accordingly the coordinates must span
the rectangle ½a; a  ½b; b;being a ¼ ﬃﬃﬃgp =2; b ¼ 1=ð2 ﬃﬃﬃgp and g
the planform aspect ratio. Hence, the dimensionless boundary con-
ditions of the bending problem are written integrating by parts the
energy functional (11) with respect to W, obtaining, for the case of
free edges:
	M11 ¼ 	 @
2W
@X2
 H11 þ m @
2W
@Y2
 H22
 ! !
¼ 0; on X ¼ 	 ﬃﬃﬃgp =2
ð44Þ
and similarly
	M22 ¼	 m @
2W
@X2
H11
 !
þb @
2W
@Y2
H22
 ! !
¼ 0; on Y ¼	 1
2
ﬃﬃﬃgp ;
ð45Þ
where M :¼ DðK  HÞ is the bending moment at zero membranal
stress 2.
To let the UC ansatz (21) satisfy the previous boundary condi-
tions, one immediately gets K ¼ H; thus, under the UC hypothesis,
either one does not satisfy (44) and (45) or no degrees of freedom
are left free. Similarly, forcing the LVC ansatz to satisfy (44) and
(45) results into a poorly descriptive model with only one de-
gree-of-freedom. We enrich, therefore, the transverse displace-
ment description by choosing:
WðX;YÞ ¼ 1
2
q1X
2 þ q2Y2

 
þ q3XY þ c1X2 X2 
g
2

 
þ c2Y2 Y2  12g
 
; ð46Þ
with c1 and c2 two additional constants. It is immediately seen that
imposing the boundary conditions (44) and (45) on average yields:
	
Z 1=ð2 ﬃﬃgp Þ
1=ð2 ﬃﬃgp ÞM11dY ¼ 0; 	
Z ﬃﬃgp =2
 ﬃﬃgp =2 M22dX ¼ 0; ð47Þ
these last correspond to three independent equations leading to the
determination of the additional constants:
Fig. 6. The three components (resp. 11;22 and 12) of the stress ﬁeld TX2 for an ellipse with g ¼ 1:5.
Fig. 7. (a) Energy sets on the uniform curvatures plane: black, gray, and light gray respectively mean the sets where U 6 5;U 6 60 and U 6 240 for q4 ¼ q5 ¼ 0, orange means
the set where U 6 240 but for q4 ¼ 6q5 ¼ 12. (b) The same energy level sets in the three-dimensional space ðq1; q2; q4 ¼ 6q5Þ. (For interpretation of the references to colour in
this ﬁgure legend, the reader is referred to the web version of this article.)
Fig. 8. A sequence of shell conﬁgurations corresponding to the black points in Fig. 7.
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c2 ¼ g mH11 þ bH22  mq1  bq2ð Þ2b : ð48Þ
Then a simple ansatz for the trasverse displacement, satisfying the
bending boundary conditions on average, is written:
WðX;YÞ ¼ X
2
4
3q1 þ mq2  H11  mH22ð Þ
þ Y
2
4b
mq1 þ 3bq2  H11m bH22ð Þ
þ X
4
8a2
H22mþ H11  mq2  q1ð Þ
þ Y
4
8bb2
H11mþ bH22  mq1  bq2ð Þ; ð49Þ
which is univocally determined by only two degrees of freedom. Re-
mark that, for this ansatz, the curvatures along the coordinate direc-
tions are no longer constants, but still the two Lagrangian
parameters, q1 and q2, signify their averages:q1 
1
2a
Z a
a
K11ðxÞdx; q2 
1
2b
Z b
b
K22ðyÞdy:
A simple calculation shows that the Gaussian curvature associated
to (49) is:
detK ¼ H22mþ H11  mq2  3q1ð Þ bH22 þ H11m 3bq2  mq1ð Þ=ð4bÞ
þ 3 m H22  q2ð Þ þ H11  q1ð Þ bH22 þ m H11  q1ð Þ  3bq2ð Þ
bg
X2
 3g m H22  q2ð Þ þ H11  3q1ð Þ bH22 þ m H11  q1ð Þ  bq2ð Þ
b
Y2
þ 36 m H22  q2ð Þ þ H11  q1ð Þ bH22 þ m H11  q1ð Þ  bq2ð Þ
b
X2Y2;
ð50Þ
i.e. a polynomial with basis ð1;X2;Y2;X2Y2Þ. The ansatz (49) calls,
therefore, for the solution of four auxiliary elliptic problems in the
form (19): for each one of them the tensor ﬁeld X which determine
the body forces and tractions can be chosen to satisfy
X12 ¼ 0;X22 ¼ mAX11 and (20) with g ¼ ð1;X2; Y2;X2Y2Þ, that is
respectively
Fig. 9. Phase diagram of the QVC model as a function of the initial curvatures for
H12 ¼ 0. Dark gray: tristability regions; light gray: bistability regions; white:
monostability region. The dashed contour shows the stability boundaries as
computed with the UC model.
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2
2
;
X2Y2
2
;
Y4
12
;
X2Y4
12
 !
: ð51Þ
For the rectangular domain these elliptic problems cannot be
solved in closed form; a Python code is included in the auxiliary
material for their numerical solution using a standard Finite Ele-
ment method. The code makes use of the Fenics framework (Logg
and Wells, 2010), an open source software distributed under the
GNU-LGPL license.3 The solution of these elliptic problems is, never-
theless, cheap as

 the global stiffness matrix can be assembled (and numerically
inverted) once and for all, whilst only the force vector is chan-
ged according to the four different load cases;

 all the problems are symmetric with respect to reﬂections on
the X and Y axes; hence, one can solve only a quarter of the
domain by imposing suitable boundary conditions on the sym-
metry axes.
After computing the membranal ﬁelds, say T1 ; T

X2 ; T

Y2 and T

X2Y2 ,
corresponding to the basic forcing terms (51), the code also com-
pute their mutual inner products, needed in the reduced model
assembly described in Section 3. The whole computation for a
mesh with nearly 2500 dofs took about 2 s for one Core at 2 GHz.
It is worth to repeat that we must compute these auxiliary stress
ﬁelds and their mutual inner products only once for any assigned
shape S and the resulting reduced energy functional (17) has only
two degrees of freedom, namely q1 and q2 in the QVC ansatz (49).6.1. Comparisons
The model with quadratically varying curvatures is here com-
pared to some literature results. As discussed, this model satisﬁes
the bending boundary conditions on average; we investigate how3 See details at http://www.fenicsproject.org.this property affects the descriptive capabilities of the model when
predicting both the stability scenario of the shell and the actual
shapes of the stable conﬁgurations.
First for a square shell made of material 1 in Table 1, we com-
pare in Fig. 9 the phase diagram which relates the number of stable
equilibria to the curvatures H11 and H22 of the natural stress-free
conﬁguration (to this end the initial twist H12 is assumed vanish-
ing). In particular light gray and darker gray mean respectively
bi- and tri-stability regions, while in the white region near the ori-
gin the shell has only one stable conﬁguration. A similar diagram as
well as the conditions to observe a robust tristable behavior were
discussed in details in Vidoli and Maurini (2008).
In Fig. 9 the dashed curves indicate the same regions as com-
puted with the UC model: in this respect we observe a small devi-
ation between the two models, as the tristability regions are only
slightly shifted. To appreciate the differences between the UC
and QVC models one must instead compare the equilibrium
shapes. For instance, choosing as natural stress-free conﬁguration
H ¼ HD (point D in Fig. 9), we have plotted the three associated sta-
ble conﬁgurations in Fig. 10: blue and yellow surfaces correspond
respectively to the shapes predicted by QVC the UC models.
In Fig. 10 the third conﬁguration on the right is actually the nat-
ural conﬁguration K ¼ HD; as this last is a global minimum for both
the models, the curvature is uniform and the two predictions coin-
cide. Relevant differences are visible in the other two shapes: in
particular the ﬁrst, corresponding to an eversion of the natural
shape, shows a raising of the four corners in the QVC case; this
can be actually observed either in practice, see Coburn et al.
(2013), or in detailed numerical simulations, see Fig. 11.
Fig. 12 displays the distributions of the bending momentM22 in
the three conﬁgurations of Fig. 10. Apart from the third case, where
membranal and bending stresses vanish, the UC model (yellow) is
clearly characterized by uniform moments and, as such, violates
the boundary conditions; these last are here shown as a thick line
at M22 ¼ 0 on the Y ¼ 	1 sides. On the same boundaries the QVC
model (blue) shows instead a bending moment which is zero on
average. Similar plots can be observed for the other components
of the bending moment. Despite having only two degrees of free-
dom, the QVC model could also provides a better description of
the membranal stresses associated to each conﬁguration. These
last are, indeed, a linear combination of the four auxiliary ﬁelds,
namely T1 ; T

X2 ; T

Y2 and T

X2Y2 ; on the contrary, the membranal ﬁeld
associated to the UC model is proportional to T1 only. Figs. 13a and
13b display respectively the membranal stress R associated to the
ﬁrst two conﬁgurations in Fig. 10; from left to right are shown the
components R11;R22 and R12.
Finally we compare the QVC model to the some literature re-
sults; in particular, we investigate how the stability is affected
when changing both the side-to-thickness and the side-to-side as-
pect ratios of the shell. In this respect, the UC shows important
drawbacks pointed out and discussed in Aimmanee and Hyer
(2004) and Gigliotti et al. (2004).
Fig. 14a refers to the analysis of Aimmanee and Hyer (2004): a
square Steel/PZT4/Aluminum laminate with side-to-thickness ratio
Lx=H varying between 10 (thick shell) and 200 (thin shells), refer to
Material 2 in Table 1. In this case, due to asymmetric distribution of
laminae with the respect to the shell midplan, there is a critical va-
lue for the side-to-thickness ratio over which the shell has two sta-
ble conﬁgurations; Fig. 14a shows such effect as computed by (i)
the Hyer’s 4-dofs model (dotted gray), (ii) Hyer’s 23-dofs model
(solid gray), (iii) the UC model (dotted black), iv) the QVC model
(solid black) and v) the Abaqus simulations (big black points).
The data relative to Hyer’s models and Abaqus results have been
extrapolated from Fig. 7 in Aimmanee and Hyer (2004). We notice
a very good agreement of both the UC and QVC models in the
prediction of the critical side-to-thickness ratio. The values of
Fig. 10. The three stable equilibria associated to the natural conﬁguration D in Fig. 9; blue (yellow) surfaces indicate the shell shapes as predicted by the QVC (UC) model. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
Fig. 11. The everted and natural shell shapes as computed with Abaqus. A
structured 50 50 mesh of S8R nonlinear shell elements has been used.
Fig. 12. The distributions of bending moment M22 associated to the three stable conﬁgur
interpretation of the references to colour in this ﬁgure legend, the reader is referred to
Fig. 13. Membranal stress ﬁelds for the QVC model in the ﬁrst (a) and second (b) conﬁgu
negative value or compression.
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15% error for the QVC model; however this is obtained with a far
more manageable model having only 2 degrees of freedom.
In Fig. 14b we compare the predictions regarding the behavior
under temperature variations of the same laminate with rectangu-
lar planform and aspect ratio g ¼ 0:7: again it is well known that
there is a critical value for the temperature above which multiple
solution branches appear (data are extrapolated from Fig. 8 in Aim-
manee and Hyer (2004)). It is easily seen that while the UC model
(black dotted) substantially improves the estimate for the criticalations of Fig. 10. Blue and yellow indicate the QVC and UC models respectively. (For
the web version of this article.)
ration of Fig. 10: from left to right the components R11;R22 and R12. Black means a
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Fig. 14. Comparisons with Figs. 7 and 8 in Aimmanee and Hyer (2004), resp. (a) and (b). Gray dotted: Hyer (4dofs); black dotted: UC (2dofs); black solid curve: QVC (2dofs);
gray solid curve: Hyer (23dofs); big black points: Abaqus.
Fig. 15. Dependance of the bifurcated shapes on the aspect ratio g at DT ¼ 250 C.
Gray dashed: Hyer (4dofs); black dashed: UC (2dofs); black solid curve: QVC
(2dofs). For g ’ 1:;3:, the blue and yellow shapes correspond to the QVC and UC
models respectively. (For interpretation of the references to colour in this ﬁgure
caption, the reader is referred to the web version of this article.)
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able to capture correctly the stability scenario. Indeed, as the UC
model depends on the planform aspect-ratio g only through the
scalar number w, the occurrence of two stable solutions is de-
scribed by a standard pitchfork bifurcation. Instead the QVC model
(solid black curve) is able to catch the different stability scenario
and correctly describes the ‘‘new’’ branch emerging as a limit point.
Moreover it also shows ﬁne estimates of both the value of the crit-
ical temperature and the average curvature along the two solution
branches.
The dependence of the average curvatures on the aspect ratio g
of is also correctly captured by the QVC model. As discussed in Gig-
liotti et al. (2004), the Hyer’s 4-dofs and the UC models show both
a vanishing sensitivity by predicting almost cylindrical conﬁgura-
tions for any aspect ratio: their bifurcated curvatures within the
interval g 2 ½1;4 are shown for DT ¼ 250 C in Fig. 15 (gray
and black dotted curves respectively): these models display two
bifurcated solutions for every value of the aspect ratio, whilst it
is well known that for high aspect ratios only one branch is ob-
served. In the same ﬁgure, the black solid curve indicates the bifur-
cated solutions of the QVC model: it is found that for g > 3 the
lower branch looses stability. This prediction coincides with the
limit value for the aspect ratio found in Gigliotti et al. (2004) using
Abaqus. In the same ﬁgure, the shapes predicted by the QVC model
(blue) are compared to the UC ones (yellow) for g ’ 1 and g ’ 3.
An evident difference is observed for the lower branch: as the as-pect ratio increases from the former to the latter value, the shape
predicted by the QVC model is not quasi-cylindrical.7. Conclusions
A procedure has been discussed for the deduction, from the
Föppl–Von Kármán shell equations, of lightweight discrete equiva-
lent models. This procedure requires the elimination of the mem-
branal stress in terms of the assumed form of the curvature ﬁeld
and the solution of a sequence of auxiliary plane-elasticity prob-
lems. A similar computation, however, can be done only once for
any given shape with unitary area.
Three examples, where the curvature ﬁeld is assumed uniform,
linearly and quadratically varying, served to illustrate relevant
applications and to compare the proposed models with literature
results. In particular, with respect to the well known Uniform Cur-
vature assumption, we found that Linear Variations of the Curva-
ture should be considered in order to study the transition
between different stable equilibria, as the eversion process of a
cup-like shell. Quadratic Variations of the Curvature are, instead,
a key ingredient to satisfy, at least on average, the bending bound-
ary conditions. Despite having only two degrees of freedom, the
QVC model allows for a ﬁne description of both the bifurcation
phenomena and the stress ﬁelds of bistable shells and plates; it
also captures the correct behavior with respect to the shell relevant
parameters, as the planform aspect ratio.
To further enhance the model predictive capabilities, higher or-
der expansions can be considered for the transverse displacement
ﬁeld, following the same reasoning lines. However, it is useful to
remark that the proposed procedure, despite not being limited to
polynomial ansatz only, does not scale efﬁciently when a large
number of degrees of freedom has to be considered.Acknowledgements
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